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Continuous-wave amplification and light storage
in optically and electrically pumped

random laser media
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Gain competition is analyzed theoretically on coupled stimulated emission transitions in �-type configurations
of excited atoms and compared with experimental observations in electrically and optically pumped random
media. Under steady-state conditions, we predict and observe dramatic spectral quenching among 2F5/2 tran-
sitions in electron-beam-irradiated Nd3+:�-Al2O3 nanopowders, identifying a simple mechanism that promotes
laser action at the longest wavelength �405 nm�. In optically pumped Nd3+:Y2O3 nanopowder, simultaneous
laser action is observed at two previously unreported wavelengths of Nd3+ (763 and 821 nm), but spectral
quenching is not observed, owing to the absence of � coupling among the inverted transitions. Quantitative
analysis of quenching and threshold behavior in the case of Nd3+:�-Al2O3 indicates that in wavelength-sized
volumes of these light-confining media the average storage time of light may be as long as 30 ps. © 2007 Op-
tical Society of America

OCIS codes: 140.5680, 140.3380, 140.3530.
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. INTRODUCTION
andom lasers have been studied intensively since the
arliest reports of stimulated emission in strongly scatter-
ng media, to explore their unusual properties, mecha-
isms, and potential applications. Pulsed random lasers
ave been demonstrated in a wide variety of media in-
luding powdered rare-earth crystals,1–3 organic dyes in
uspensions of scatterers,4 polymers incorporating scat-
ering centers,5 nanocrystalline semiconductors,6,7 and
ther systems. Numerous investigations have been car-
ied out on the theoretical8,9 and experimental mode
tructure10 and coherence properties11,12 of these intrigu-
ng light sources. By contrast, there are only a few reports
f continuous-wave (cw) random lasing.13–16 The apparent
bsence of mode structure and coherence in the latter
ase has hindered analysis of the lasing mechanism and
avity properties. Recent experiments16 on cw laser out-
ut versus penetration depth of incident electrons in
d3+:�-Al2O3 confirm that the effective transport length

ontributing to confinement in the random laser medium
s of the order of the optical wavelength ��� along the nor-

al to the sample surface. With a mean transport length
lso measured to be approximately equal to the wave-
ength of light, mode discrimination within the cavity is
rohibited, thereby accounting in principle for the ab-
ence of mode structure. As yet, however, no detailed
nalysis of the quenching of sample luminescence near la-
er threshold reported in Ref. 15 has been presented. Nor
ave additional examples of cw laser action emerged. In
his paper, we present both detailed analysis of earlier re-
ults (Fig. 1) and new examples, to our knowledge, of cw
andom laser action.

Stimulated emission dynamics of dopant ions in a ran-
0740-3224/07/040799-9/$15.00 © 2
om dielectric are analyzed theoretically here for coupled
ransitions in �-type atomic configurations, and the ob-
erved spectral characteristics and threshold behavior of
w Nd3+:�-Al2O3 and Nd3+:Y2O3 random lasers are
hereby explained. Detailed analysis of coupled transi-
ions in Nd3+:�-Al2O3 yields the average cavity size and
torage time for laser light generated in small feedback
egions of the active medium. Optically pumped laser ac-
ion is also shown to take place in Nd3+:Y2O3 at 763 and
21 nm simultaneously (Fig. 2), on uncoupled transitions.
The mechanism and dimensionality of light confine-
ent within active random dielectric scattering media

re also addressed in this paper. The refractive indices of
ielectric materials such as Al2O3 and Y2O3 have previ-
usly been thought to be too low to lead directly to Ander-
on localization of light by uncorrelated scattering inter-
ctions in three dimensions.17 It was shown recently,
hough, that correlated multiple scattering in inhomoge-
eous random systems leads to the coexistence of local-

zed and delocalized modes in one-dimensional low-index
ielectrics,16,18 so that our understanding of correlation
nd gain effects on three-dimensional dynamics may be
ncomplete. In the present paper, field correlations and
ptical gain are shown to mediate strong, quasi-one-
imensional localization that is adequate to sustain cw la-
er action in low-gain media through nonlocal interfer-
nce effects unassociated with specific (local) structures.
he optical dynamics on laser transitions in Nd3+-doped
anopowders15 are confirmed to be entirely consistent
ith the key properties shared by all laser oscillators,
amely, stimulated emission with cavity feedback and lin-
ar output. The use of one-dimensional analysis is dis-
ussed and justified for low-gain three-dimensional me-
007 Optical Society of America
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ia, and observations of spectral dynamics are fully
xplained. We account theoretically for gain competition
urves, threshold behavior, and threshold pump rate of
he Nd3+:�-Al2O3 random laser. We determine the aver-
ge size of Nd3+:�-Al2O3 laser cavities to be lc
�1.6±1.0��, in agreement with values inferred from pre-
ious backscattering data13 and electron penetration
xperiments.16 Finally, stimulated emission dynamics of
ptically pumped Nd3+ ions in Y2O3 nanopowder at 763
nd 821 nm are reported and compared with
d3+:�-Al O results. This provides the most detailed pic-

ig. 1. Luminescence intensities versus electron-beam current
n Nd3+:�-Al2O3 nanopowder. Note the sharp threshold on only
ne transition, namely, the 2F5/2– 4F9/2 transition, and dramatic
pectral quenching on all other transitions (from the 2F upper
tates).

ig. 2. Energy levels of Nd3+. Bold upward arrows show elec-
ron (e) and photon ��� excitation pathways. Bold downward ar-
ows correspond to the three coupled transitions whose quench-
ng behavior in Nd3+:Al2O3 is analyzed in the text. Dashed
rrows indicate 2F7/2 transitions whose dynamics parallel those
f the 2F5/2 transitions because of thermal equilibrium between
he upper states. Thin downward arrows are transitions ob-
erved in Nd3+:Y2O3.
2 3
ure yet of continuous generation and storage of laser
ight in a strongly scattering random gain medium.

. THEORY
n conventional lasers it is well known that large,
avelength-selective cavities favor stimulated emission

n a single resonant mode. The mode intensity grows lin-
arly above laser threshold, and light emission at wave-
engths not in resonance with cavity feedback exhibits a
onstant intensity above threshold, as the result of clamp-
ng of the upper-state population on the laser transition.19

hese qualitative features are reproduced by even the
implest laser model. For a laser with an empty terminal
tate, the population N of the initial level constitutes the
ntire inversion, and laser behavior can be modeled with
single equation for the excited-state population N and

ne for the photon density n inside the cavity. For a linear
esonator with cavity and radiative lifetimes �c and �, re-
pectively, we have

Ṅ = Rp − KNn − N/�, �1.1�

ṅ = K�n + 1�N − n/�c. �1.2�

ere Rp is the pumping rate, and K=��cB /Vc is a con-
tant that depends on the frequency �, the Einstein B co-
fficient, and cavity volume Vc. Ṅ��N /�t, and ṅ��n /�t.
lthough Eqs. (1.1) and (1.2) are coupled nonlinear equa-

ions, the population has a simple steady-state solution
bove threshold (when n�1). By setting the time deriva-
ive in Eq. (1.1) to zero, one finds N��K�c�−1=constant.
hat is, the population of the upper laser level is constant
bove threshold.
Since luminescent intensity depends only on the upper-

tate population in dielectrics, it follows that spontaneous
mission at all wavelengths originating from this excited
tate should be independent of excitation rate above
hreshold. Moreover, population clamping above thresh-
ld causes amplified emission originating from a common
pper state to behave somewhat similarly. In particular,
hile stimulated emission intensities on competing tran-

itions (with comparable feedback) can sometimes show
low nonlinear increases above threshold, their intensi-
ies never decrease with increasing excitation rate as the
elected mode grows in standard models.

In light of the universality of population clamping
bove threshold in laser systems, the quenching of the
d3+:�-Al2O3 powder laser reported in Ref. 15 is puz-

ling. These results are reproduced in Fig. 1 to show that
he emission intensities on all transitions other than one
2F5/2– 4F9/2� quench strongly above a well-defined thresh-
ld. That is, their intensities rapidly diminish beyond the
oint where 2F5/2– 4F9/2 intensity begins to grow linearly.
n the present paper, the origin of this behavior is ex-
lained and shown to provide the essential mechanism
etermining that laser action takes place on the

2F5/2– 4F9/2 transition. A multilevel extension of the
imple laser model above, which includes cascade relax-
tion among the terminal levels, reveals how long-
avelength stimulated emission processes spoil the inver-

ion on shorter-wavelength transitions from the same



u
s
i
p
l
t
i

t
s
F
f
e
F
t
w
c
l
t
a
r
o

o
m
t
s
w
t
c
p
p
t

u
m
l
t
f
t
t
p

A
C
t
c
e
e
o
h
p
p
�
=
r

w

T
t
s
o
b
=
f
s
(
f
2

F
t
t
c
m
m

B. Li and S. C. Rand Vol. 24, No. 4 /April 2007 /J. Opt. Soc. Am. B 801
pper level. It predicts strong suppression of gain on
hortwave transitions even when the cavity feedback is
ndependent of wavelength. Therefore spectral quenching
rovides a mechanism determining the output wave-
ength of random lasers in multilevel systems where mul-
iple inversions and little or no wavelength selectivity ex-
st.

To begin, a simple model is considered in which two
ransitions compete for gain on coupled stimulated emis-
ion transitions in a �-type configuration, as shown in
ig. 3(a). Figures 3(a) and 3(b) are models for emission

rom the 2F5/2 level that is populated through electrical
xcitation in the actual level scheme of Nd3+ shown in
ig. 2. Population rate equations are coupled with equa-
ions for the photon density at each stimulated emission
avelength, assuming quasi-one-dimensional feedback. A

avity lifetime �c����	c
−1 is associated with each stimu-

ated transition. This treatment shows that the popula-
ion inversion ratio on �-coupled transitions changes sign
s the pumping rate is increased, whereas in V configu-
ations this ratio maintains the same sign. Consequently,
nly in the � system can one induced field grow while an-

ig. 3. (a) Simple model for analyzing simultaneous emission on
wo stimulated transitions in a �-type configuration. The pump
ransition and stimulated emission processes are shown as
urved and straight bold arrows, respectively. (b) An extended �
odel with three stimulated emission transitions from the com-
on upper state 2F , relevant to observations in Nd3+:�-Al O .
5/2 2 3
ther one from the same level eventually quenches. The �
odel can easily be extended to permit a detailed fit of

hree experimental emission curves on previously as-
igned transitions from the same upper state 2F5/2. In this
ay, satisfactory agreement is obtained with experimen-

al results, and earlier spectroscopic assignments for the
w Nd3+:�-Al2O3 powder laser are corroborated, lending
erspective on additional results in yttria powders and
ermitting estimation of the average cavity Q and size of
hese lasers.

Throughout this section, one-dimensional analysis is
tilized. As we discuss later, its applicability is deter-
ined by the low gain in our experiments. Under active,

ow-gain conditions, the doubling of coherently backscat-
ered amplitudes is a decisive factor in establishing linear
eedback paths for gain-assisted propagation. We believe
his accounts for one-dimensional gain-assisted localiza-
ion rather than diffusive feedback in the experiments re-
orted here.

. �-Type Atom Model
onsider the five-level atom of Fig. 3. Though no popula-

ion is maintained in the uppermost level (the decay rate
onstant from level 5 to 4 is taken to be 	54=
), the high-
st state serves the purpose of pumping the upper states
quivalently in a �-type model (presented here in detail)
r a V-type model (the results for which are merely stated
ere). Other things being equal, the relative gain on com-
eting stimulated transitions (4→3 and 4→2) is com-
letely determined by the corresponding inversions �Nij
Ni−Nj between their lower �i=2,3� and their upper �j
4� levels. In the undepleted pump regime �N1�N�, the
ate equations are

Ṅ4 = K15n15N − 	4N4 + K42n42�N24 + K43n43,

�2.1.1�

Ṅ3 = − K43n43�N34 + 	43N4 − 	3N3, �2.1.2�

Ṅ2 = − K42n42�N24 + 	32N3 + 	42N4, �2.1.3�

here N=N1+N2+N3+N4.
Corresponding equations for the photon densities are

ṅ43 = − K43�N34n43 + K43N4 − 	c43n43, �2.1.4�

ṅ42 = − K42�N24n43 + K42N4 − 	c42n42. �2.1.5�

o identify quenching mechanisms that are not merely
he putative result of differences among the rate con-
tants of stimulated transitions but have more universal
rigins, it is assumed that K43=K42=K and that the feed-
ack mechanism is independent of wavelength �	c43
	c42�	c�. Without loss of generality, the model can be

urther simplified by assuming 	42=	41=	31=0. Then, by
etting the time derivatives on the left-hand side of Eqs.
2.1.1)–(2.1.3) equal to zero, it is straightforward to solve
or the ratio of steady-state inversions on the 3→4 and
→4 transitions:
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�N34

�N24
=

�	43 − 	32��	21 + Kn42�

�	32 + Kn43��	43 + Kn42 + Kn43� − Kn43�	43 + Kn43� − �	21 + Kn42��	32 + Kn43�
. �2.1.6�
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teady-state solutions for the photon densities are

n43 = � KN4

K�N34 + 	c
�, n42 = � KN4

K�N24 + 	c
� . �2.1.7�

f �N�0, the photon densities are positive. If �N0,
hereupon n43 or n42 can become arbitrarily large, we see

hat both inversions clamp at the value �N=−	c /K, ignor-
ng spontaneous emission in Eqs. (2.1.4) and (2.1.5). The
hoton densities become large but remain positive. To
romote lasing in the system, high rates of decay out of
he terminal states 2 and 3 �	32,	21�	43� are desirable.

hen this is taken into account, the inversion ratio in Eq.
2.1.6) reduces in the weak pump limit to

�N34

�N24
�

− 	32	21

− 	32	21
= 1, �2.1.8�

hile in the strong pump limit, when stimulated emission
ominates, we have

�N34

�N24
=

− 	32�	21 + Kn42�

− 	32�	21 + Kn42� + Kn43�Kn42 − 	21�
. �2.1.9�

n Eq. (2.1.9) the inversion on the short-wavelength tran-
ition ��N24� changes sign with increasing excitation rate,
ecoming absorptive, when the denominator is positive
i.e., when K2n43n42�	32	21+	32Kn42+	21Kn43). Conse-
uently, gain is eventually quenched on the short-
avelength transition in the � configuration, despite the
ssumed equality of Einstein A and B coefficients on the
missive transitions [4→3 and 4→2 in Fig. 3(a)]. A
traightforward adaptation of this analysis to V-type con-
gurations shows that with a common terminal level, in-
tead of a common initial level, quenching does not take
lace. Similarly, in systems where there are no common
evels at all, there are no coupling (quenching) effects.

. � Configuration—Three Stimulated Transitions
o permit a detailed comparison between theoretical and
xperimental emission intensities on the three observed
F5/2 transitions in Nd3+:�-Al2O3 nanopowder samples,
he basic � model of Subsection 2.A must include three
timulated emission transitions with feedback [Fig. 3(b)]
s follows:

N1 + N2 + N3 + N4 + N5 + N6 = N, �2.2.1�

Ṅ6 = Rp�N1 − N6� − 	65N6, �2.2.2�

Ṅ5 = − �	54 + 	53 + 	52�N5 + 	65N6 + K53�N4 − N5�n54

+ K53�N3 − N5�n53 + K52�N2 − N5�n52, �2.2.3�

Ṅ4 = 	54N5 − 	41N4 − 	42N4 − 	43N4 − K54�N4 − N5�n54,

�2.2.4�
Ṅ3 = 	53N5 − 	31N3 − 	32N3 + 	43N4 − K53�N3 − N5�n53,

�2.2.5�

Ṅ2 = 	52N5 − 	21N2 + 	42N4 + 	32N3 − K52�N2 − N5�n52,

�2.2.6�

Ṅ1 = − Rp�N1 − N6� + 	41N4 + 	31N3 + 	21N2, �2.2.7�

ṅ54 = − K54n54�N4 − N5� + K54N5 − 	c54n54, �2.2.8�

ṅ53 = − K53n53�N3 − N5� + K53N5 − 	c53n53, �2.2.9�

ṅ52 = − K52n52�N2 − N5� + K52N5 − 	c52n52. �2.2.10�

teady-state emission intensities were calculated using
qs. (2.2.1)–(2.2.10) versus excitation rate on transitions

rom initial state 2F5/2 to terminal states 4F9/2, 4F3/2, and
4I15/2 for comparison with the data of Fig. 1. The decay
ate constants for weak processes were set to zero �	31
	41=0�, and cavity feedback was assumed to be the same

	c54=	c53=	c52�	c� for all wavelengths. The decay con-
tants on the coupled transitions were determined from
he initial slopes in Fig. 1 to be in the ratio of 	53/	52
2.1/4.3 for 2F5/2→ 4F3/2 and 4I15/2, respectively. Since
aturation effects are evident in the 2F5/2– 4F9/2 transition
ata (Fig. 1), the calculations included ground-state
epletion. Five parameters were adjusted to fit the data
or all three curves simultaneously, namely, the radiative
ecay rate 	54 from the 2F5/2 state, the decay rates be-
ween terminal levels of the coupled states �	43=	42�, the
ate of decay from the terminal level to ground �	31=	21�,
he cavity decay rate 	c, and the cavity size lc.

. Theoretical Nature of the Effective Cavities
rior calculations of propagation in porous alumina
owders16 showed that large electric field enhancements
re possible inside random one-dimensional dielectrics
hen a plane wave is incident on the sample, from the
utside. As shown in Fig. 4, similar results are obtained
hen the field is a dipole source located within the

ample, corresponding closely with the situation in our
lectron-beam experiments.

In one dimension, correlated scattering can create re-
ions where the field emitted by a dipole is enhanced by
actors up to 100 under the same conditions of average
article spacing and refractive index as in our experi-
ents. Figure 4(a) presents a field map for light of wave-

ength �=400 nm, based on one configuration of dielectric
ayers and spaces that achieves a field enhancement of
his magnitude. Different sample configurations were de-
ermined randomly as described in Ref. 16 with mean
enter-to-center particle spacing of 80 nm, average diam-
ter �=40 nm, n=1.78, and square distributions of par-
icle size and spacing having FWHM values of 10 and
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0 nm, respectively. Configurations were tested individu-
lly for enhancement. The trace in Fig. 4(b) confirms that
he source of cavity effects is interference, since the field
nhancement drops dramatically when the wavelength is
ltered by only 0.5%. Also, for the same configuration as
n Fig. 4(a), enhancement is greatly reduced when the
ource dipole position is altered by �20� [Fig. 4(c)], sug-
esting that the enhancement effect is not associated with
ny regular structure at a specific location within the me-
ium. This conclusion is confirmed by the trace of Fig.
(d) where a thin multilayer (0.48 �m thick) is removed
rom the left surface of the medium and the enhancement
f the centered dipole is then recalculated. Despite the re-
oteness of the structural change from both the source

nd the enhancement region shown in Fig. 4(a), the field
nhancement is lost, showing that it is a global property
f the sample.

Figure 5(a) shows that the bandwidth of the energy
ensity enhancement �E�z� /E0�max

2 is ��=0.68 nm
FWHM), corresponding to a passive cavity quality factor
f Q=2�� /��=3694. A second theoretical estimate of Q
or the same configuration was obtained by solving finite-
ifference time-domain (FDTD) Maxwell equations to-
ether with the polarization equation (see Ref. 9). First,
hen gain was included, the one-dimensional FDTD code
redicted the observed laser threshold within a factor of
.20 Then when gain was omitted, the electric field evolu-

ig. 4. Exact calculation of the electric field inside a random on
see text) for (a) a random particle configuration that achieves
ocated at the arrow, (b) with the wavelength changed to 402 nm
emoval of a 0.48 �m thickness from the left side of the sample
eld envelope in one location, showing energy localization on a l
ion initiated by a short pulse ��p200 fs� from the inter-
al dipole yielded the field decay curve in Fig. 5(b), from
hich a 1/e energy decay time of �FDTD=0.80 ps and
FDTD=��FDTD=4039 were deduced. Thus good agree-
ent with the Q value based on bandwidth was obtained.
he importance of global interference in establishing this
igh Q is reinforced in Fig. 6, where calculations of
ensity–density correlations for three different interface
onfigurations (with the same particle spacing of 80 nm)
re shown. The first peak in each trace of Fig. 6 merely
ives the average particle spacing, as we confirmed with
ther calculations at different densities. No other repro-
ucible density correlations versus distance (identifiable
tructures) are apparent, whether a large enhancement is
resent or not. We conclude that large field enhancements
esult from long-range, collective (multiple-scattering) in-
erference effects.

. EXPERIMENTS
pectral quenching and laser action were observed in
d3+:�-Al2O3 nanopowder samples using electron-beam

rradiation in ultrahigh vacuum. Experimental details
ave been described previously.15 After dispersion by a
rating spectrometer, optical emission intensities were re-
orded versus beam current using photon counting. As
hown in Fig. 1, one spectral line was found to have a dis-

ensional medium with the average properties in the experiment
ancement �E�z� /E�0�� of 100 relative to a 400 nm dipole source
e same configuration with the dipole repositioned, and (d) after
nm�. The dashed curve in (a) outlines exponential decay of the

scale close to the wavelength.
e-dim
an enh
, (c) th

��=400
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ig. 5. (a) Exact computation of �E�z� /E�0��max
2 versus wave-

ength ��0=400 nm� for the particle configuration of Fig. 4(a). (b)
emporal decay of the electric field of a pulsed dipole source in
he enhancement zone of Fig. 4(a), calculated by the FDTD in re-
ponse to a square pulse of duration �=200 fs (with zero gain).
F
N
s
t
=
t
g

ig. 6. Density–density correlations for three different particle
onfigurations that achieve field enhancements of 85, 100, and 5
or the upper, middle, and lower curves, respectively. Average in-
erparticle spacing was 80 nm. The (unnormalized) density cor-
elation was 2.1 at the origin in all cases; the curves have been
hifted vertically for presentation.
ig. 7. Emission spectra from optically excited Nd3+:Y2O3 nan-
powder, irradiated with Ar laser powers of 150, 480, and
ig. 8. (a) Peak emission intensity from optically excited
d3+:Y2O3 nanopowder at four wavelengths versus incident la-

er power (�ex=514.5 nm, spot diameter of �=0.1 mm) at room
emperature, and (b) a comparison of output curves at low �T
77 K� and high �T=295 K� temperatures on the 821 nm transi-

ion, showing the change in threshold and slope. Solid curves are
uides to the eye. LN, liquid nitrogen.
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inct threshold, whereas all other lines from the same up-
er state intensified from the beginning, passed through a
eak near threshold, and then decreased in intensity. No
pectral line narrowing was observed, consistent with ex-
ectations for a low-gain laser having an effective cavity
ize of the order of the wavelength.

We also achieved cw laser action in Nd3+:Y2O3 samples
y using optical excitation with the 514.5 nm line of the
r+ laser, as shown by the sudden appearance of new
pectral features at high excitation rates (Fig. 7). In these
xperiments, sample luminescence caused by a normally
ncident beam was collected from flat nanopowder sur-
aces at room temperature and analyzed using a
.25 m/ f3.7 grating spectrometer at several incident pow-
rs. The Nd3+ transitions whose peak intensities are plot-
ed in Fig. 8(a) are different from those in Fig. 1. The pho-
on energy at 514 nm is not adequate to populate the
igh-lying 2F states responsible for the cathodolumines-
ence of Fig. 1. Excitation instead takes place via the
esonant ground-state optical absorption 4I15/2– 4G9/2 of
d3+ (see Fig. 2). Figure 8(b) shows low-temperature �T
77 K� data on the best isolated transition at 821 nm.
Previous spectroscopy21–26 of single-crystal Nd3+:Y2O3

ermitted assignment of the 763 and 821 nm emissions
espite the presence of overlapping lines and large inho-
ogeneous broadening. As discussed in more detail in Ap-

endix A, these lines are ascribed to the �4G7/2+ 2K13/2�
4I15/2 and �4F5/2+ 2H9/2�→ 4I9/2 transitions. (Transitions

n Nd3+:Al2O3 were assigned in Ref. 15.) The spectro-
copic assignments of the 763 and 821 nm transitions in
d3+:Y2O3 indicate that these emission features do not

hare a common initial or final state.

. DISCUSSION AND CONCLUSIONS
n Fig. 9 the emission intensities on transitions originat-
ng from the 2F5/2 state in Nd3+:�-Al2O3 are compared
ith theoretical fits based on the results of Subsection
.C. The � model closely reproduces the dramatic quench-
ng on two transitions and the onset of lasing observed on
he third transition in Nd3+:�-Al2O3, with essentially one
ree parameter per curve. Hence the results are in excel-
ent accord with the quenching of short-wavelength-
nduced transitions by longer-wavelength transitions
rom the common upper state, resulting in oscillation at
he longest wavelength of the � system. The parameter
alues that yielded the best agreement in the experimen-
al fit of Fig. 9 were 	54= �0.8±0.1��105 s−1, 	43=	42
�9±1��107 s−1, 	21=	31= �1.8±0.2��106 s−1, 	c
�30±10 ps�−1 for the cavity decay rate, and lc
�1.6±0.6�� for the effective cavity length at 405 nm.
ate parameters that were fixed in proportion to 	54

hrough observed ratios of luminescence slopes (Fig. 1) to-
ether with a previous experimental value16 for the total
F5/2 decay time �	5=4.8�105 s−1� were 	52= �3.0±0.5�
105 s−1 and 	53= �1.0±0.3��105 s−1.
Since precise spectroscopic data were unavailable for

ingle-crystal Nd3+:Al2O3 and there was experimental
verlap between 2F5/2 and 2F7/2 emissions around 400 nm,
t is significant that agreement between theory and ex-
eriment is achieved only with the � coupling specified by
arlier upper-state assignments.15 The apparent success
f the one-dimensional model is also significant, since the
edium is three dimensional. In FDTD simulations,
hen the dimensionality is increased from one to two di-
ensions, attainable cavity Q values drop by more than a

actor of 20 (Ref. 27). The implication of this trend is that
ontinuous energy storage cannot take place in passive
hree-dimensional media or media where the gain–length
roduct is much less than 1—like the nanopowders stud-
ed in this research—unless the dimensionality is actively
estricted to one dimension.

This, in turn, suggests there is a mechanism that re-
uces the dimensionality of electromagnetic propagation
n low-gain random media. We propose that this mecha-
ism is the doubling of the stimulated emission rate and
hase retrieval of reflected wave amplitudes that propa-
ate in the exact opposite direction of amplified forward
aves in low-gain random media, owing to the phenom-
non of coherent backscattering. In the absence of such a
echanism to render the gain extraction path one dimen-

ional, existing theories of localization cannot in fact ac-
ount for the quality factor Q�1000 needed to overcome
he deficiency in the stimulated emission cross section �SE
f Nd in our experiments. Over distances of l= lc=�, as de-
ermined independently by electron penetration in Ref.
6, the gain–length product must meet the condition
�efflc�1 for lasing to occur. This requires Q�1000,
hich cannot be accounted for in two or three dimensions.
e note, however, that such a mechanism for the reduc-

ion of effective dimensionality would not be operative in
igh-gain random laser media where doubling of the gain
or backscattered light would have a negligible effect.

Rate equation analysis of uncoupled transitions (Sub-
ection 2.B) was also in accord with experimental findings
n Nd3+:Y2O3 nanopowder. Using optical pumping, two
ets of laser transitions in this host oscillated simulta-
eously, namely, �4G7/2+ 2K13/2�→ 4I15/2�1� and �4F5/2
2H �→ 4I �3�, with experimental thresholds of 200

ig. 9. Observed emission intensity (points) and theoretical pre-
ictions (solid curves) for stimulated emission on three coupled
ransitions in Nd3+:�-Al2O3. The storage time determined by the
t is �c=30 ps, and average cavity size is lc= �1.6±0.6�� at �
405 nm. Other fit parameters are given in the text.
9/2 9/2
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nd 500 mW at room temperature, respectively [see Fig.
(a)]. The difference in these two threshold values con-
rms that the nonlinear emissions are neither coupled
or thermal in origin. With an upper-level separation on
he 763 and 821 nm transitions21 of 6159 cm−1, both lines
ught to show intensity changes with respect to other
ines only if the sample temperature were to rise suddenly
bove �8800 K, and such changes should occur simulta-
eously. Yet the output curves at 763 and 821 nm have
ifferent thresholds, and no melting of the samples took
lace, indicating that temperatures were certainly always
ess than the melting temperature 2410°C. By calculat-
ng the maximum temperature rise possible at the sample
urface with the thermal diffusion equation, taking sur-
ace albedo, beam size, sample holder geometry, and con-
uctivity into account as in Ref. 28, one finds �T20°C.
his eliminated the possibility that thermal changes in
onradiative relaxation rates played any role in the dy-
amics reported here.
In agreement with the spectroscopic assignments of Ap-

endix A, there was no evidence that the transitions at
63 and 821 nm in Nd3+:Y2O3 had common upper or
ower states. Consequently, these transitions should be
ndependent, capable of simultaneous laser action, and
ree of coupling effects. Indeed, no quenching was ob-
erved. These results therefore complement those in
d3+:Al2O3 by demonstrating that cw random laser ac-

ion may be achieved by electrical or optical means, that
eedback from multiple scattering is effective over a wide
ange of wavelengths, and that quenching can arise in the
resence of coupled dynamics on multiple inverted tran-
itions. The present results in Nd3+:Y2O3 and earlier
easurements29 of transport lengths in Al2O3 show little
avelength dependence in the scattering feedback. Hence

he analysis of spectral quenching in Nd3+:Al2O3 identi-
es a mechanism that favors long-wavelength laser tran-
itions whenever there is gain competition with � cou-
ling.
In summary, nonlinear rate equation and FDTD analy-

is can account quantitatively for experimental spectral
uenching, threshold behavior, output power, and satura-
ion of electrically pumped cw ultraviolet laser action in

Table 1. Calculated and Observed Lumine

nitial State
Energy
�cm−1�

Final
State

Ene
�cm

F5/2+ 2H9/2�7� 12,642 4I9/2�4� 44
F5/2+ 2H9/2�7� 12,642 4I9/2�3� 26
F5/2+ 2H9/2�3� 12,395 4I9/2�3� 44
F5/2+ 2H9/2�6� 12,533 4I9/2�3� 26

Table 2. Calculated and Observed Lumine

nitial State
Energy
�cm−1�

Final
State

Ene
�cm

G7/2+ 4G5/2�3� 16,902 4I13/2�1� 38
G7/2+ 4G5/2�2� 16,767 4I13/2�1� 38
G7/2+ 2K13/2�5� 18,793 4I15/2�1� 57
G7/2+ 2K13/2�2� 18,592 4I15/2�1� 57
d3+:�-Al2O3 nanopowder. We conclude that the spectral
uenching phenomenon results from upper-state coupling
f induced emissive transitions in the presence of strong
cattering. From the highly constrained fit to multiple

2F5/2 output curves, an energy storage time of �c
�30±10� ps is deduced, together with an average (cubic)
avity length of lc= �1.6±1.0�� that shows light is confined
o roughly a single spatial period. The time reported
bove for bright storage of stationary light is 22 000 times
onger than the period of time 405 nm light would nor-

ally spend in a wavelength-sized region in free space.
esults presented here for Nd3+:Y2O3 nanopowder also
emonstrate that optical pumping can be used to achieve
w random laser action on two transitions simulta-
eously, again in agreement with semiclassical laser
heory.

PPENDIX A
ransition assignments for photoluminescence spectra of
d:Y2O3 nanopowders excited at �ex=514.5 nm

19,436 cm−1� were based on prior spectroscopy.25,26 By
onsideration of all energetically allowed candidates for
he upper level, possible assignments for transitions
ielding wavelengths of observed peaks near 821 and
63 nm (to within 50 cm−1) were compiled and compared
ith experiment in Tables 1 and 2. All four peaks near
21 nm are accounted for as �4F5/2+ 2H9/2�→ 4I9/2 within
2 nm. For 763 nm emission, two assignments can ac-
ount, in principle, for the observed lines within ±2 nm,
amely, �4G7/2+ 2K13/2�→ 4I15/2 or �2G7/2+ 4G5/2�→ 4I13/2.
either of these latter two transitions shares a common

evel with the 821 nm assignment. On the basis of the
nergy-gap law, the first of these is the more radiative.
ence the final assignment of the 763 nm line is �4G7/2
2K13/2�→ 4I15/2.
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